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(3JT)' Abstract. We study the Segal-Bargmann transform on the Heisenberg motion 

groups H™ k K, where EP is the Heisenberg group and K is a compact subgroup of 
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U(n) such that (K, HF 1 ) is a Gelfand pair. The Poisson integrals associated to the 
Laplacian for the Heisenberg motion group are also characterized using Gutzmer's 
formulae. Explicitly realizing certain unitary irreducible representations of HP <kK, 
[t i . we prove the Plancherel theorem. A Paley- Wiener type theorem is proved using 

i-^ ■ complexified representations. 
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1. Introduction 



For any / e L 2 (R. n ), it is easy to see that f * Pt extends as an entire function to 

1 -M 2 

the whole of C n , where pt(x) = -nt 4t is the heat kernel on IR n and the image 

(47rf) 2 

of L 2 (IR n ) under the map /—>•/* pt can be characterized as the Hilbert space of 



entire functions on C n which are square integrable with respect to the positive weight 
p t/2 {y)dxdy. 

The mapping /—>•/* pt is called the Segal-Bargmann transform, also known as 
the coherent state transform or the heat kernel transform. Segal and Bargmann inde- 
pendently proved in the 1960's in the context of quantum mechanics that this trans- 
form is a unitary map from L 2 (IR n ) onto C(C n ) (] L 2 (C n , p,), where dp(z) = 

\y\ 2 

e 2t dxdy and 0(C n ) denotes the space of entire functions on C n . 
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This transform has attracted a lot of attention in the recent years mainly due 
to the work of Hall [4] where a similar result was established for an arbitrary com- 
pact connected Lie group K. He introduced a generalization of the Segal-Bargmann 
transform on a compact connected Lie group. If K is such a group, this coherent 
state transform maps L 2 (K) isometrically onto the space of holomorphic functions 
in L 2 (G, /j, t ), where G is the complexification of K and /j, t is an appropriate positive 
heat kernel measure on G. The generalized coherent state transform is defined in 
terms of the heat kernel on the compact group K and its analytic continuation to the 
complex group G. Similar results have been proved for compact symmetric spaces 
by Stenzel in [T2] . 

For the Heisenberg group HP, Krotz et al proved in [7] that the image of L 2 (HP) 
under the heat kernel transform is not a weighted Bergman space with a non-negative 
weight, but can be considered as a direct integral of twisted Bergman spaces. Similar 
results for non compact symmetric spaces have been proved in [5] and [6]. 

Next, consider the following result on R due to Paley and Wiener. A function 
/ G L 2 (R) admits a holomorphic extension to the strip {x + iy : \y\ < t} such that 

SU P / \f( x + iy)\ 2 dx < oo V s < t 

\y\<s JR 

if and only if 

(1.1) / e s|€l |/(0| 2 ^ < oo V s < t 

Jr 

where / denotes the Fourier transform of /. 
The condition fll.ip is the same as 

/ |e^/(0| 2 ^<ooVs<t 
Jr 

where A is the Laplacian on R. This point of view was explored by R. Goodman in 
Theorem 2.1 of [2]. 

The condition fll.ip also equals 

f | e ^+^i 2 i7(e)i 2 de<ooVM<i 

Jr 
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Here £ i— > e t<yX+lv ^ may be seen as the complexification of the parameters of the 
unitary irreducible representations £ h- > e lx ^ of K. The above point of view was 
further developed by R. Goodman in [3] (see Theorem 3.1). Similar results were 
established for the Euclidean motion group M(2) of the plane R 2 in [9] and in the 
context of general motion groups IP tx K, where K is a compact subgroup of SO(n) 
in [TT] . Aim of this paper is to prove results analogous to the above three, for the 
Heisenberg motion groups MM = HP x K, where HP is the Heisenberg group and K 
is a compact subgroup of U (n) such that (K, HP) is a Gelfand pair. 

The plan of this paper is as follows : In the following section the range of the 
Segal-Bargmann transform on HIM is characterized as a direct integral of weighted 
Bergman spaces. The third section is devoted to a study of Poisson integrals on 
HIM by using a Gutzmer formula for compact Lie groups established by Lassalle in 
1978 (see [8]) and a Gutzmer formula on C 2n . This is modelled after the work of 
Goodman [2]. In the final section we prove the Plancherel theorem on HIM thereby 
listing the unitary, irreducible representations on which Plancherel measure rests. 
Then we prove a Paley- Wiener type theorem which characterizes functions extending 
holomorphically to the complexification of HIM which is an analogue of Theorem 3.1 
of 0. 



2. Segal-Bargmann transform 

In this section we want to study the Segal-Bargmann transform on the Heisenberg 
motion group. We recall that, for the Heisenberg group HP, it was proved by Krotz 
et al in [7] that the image of L 2 (HP) under the heat kernel transform is not a 
weighted Bergman space with a non-negative weight, but can be considered as a 
direct integral of twisted Bergman spaces. Here we prove that a similar result is 
true for Heisenberg motion groups as well. 
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2.1. Segal-Bargmann transform for the special Hermite semigroup. 

Let HP = C n x R be the Heisenberg group with the group operation defined by 

(z, t) ■ (w, s) = (z + w, t + s + —Im(z ■ w)) where z, w G CP, t, s G R. 

Alternatively, we can consider HP as R n xM"xl with the group law 

(x, y, t)(u, v, s) = (x + u,y + v,t + s + -(« ■ y — v ■ x)) for x, y,u,v G IR n , t, s G R. 

The center of M n is {(0, 0, t) : t G R}. 

Let A G R, A 7^ 0. For suitable functions / on HP, let us define a function / A on 

R 2n by 

/ A (a;, M )= / f(x,u,t)e M dt. 
Jr 

For /, G L 1 (IR 2n ), the A-twisted convolution of / and g is defined by 

/ * A g ( X] u)= [ f(x', u')g{x -x',u- u'y-'^'-^dx'du'. 
Then, we have for Schwartz functions /, g G iS(HP) = iS(IR 2n+1 ), 

(f*g) x = f x *xg x 

where * denotes the group convolution on HP. 

Let C denote the sublaplacian on the Heisenberg group defined by 

n 

d 

where Xj,Yj,j = 1, 2, • • • , n together with T = — forms a basis for the Heisenberg 

dt 

Lie algebra. For the explicit expressions for these vector fields we refer to [T5|. The 
heat kernel for £ is denoted by pt and its inverse Fourier transform in the central 
variable is explicitly given by (see [7]) 

p x (x,u) = (4tt)-* (— e ->th(A t ) (N2+ |«n 
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It can be shown that p x is the heat kernel associated to the special Hermite operator 
L\. That is, e~ tLx f = f *\p x , for / G L 2 (IR 2n ). Define a positive weight function 
W t x on C 2n by 

Wt(x + iy,u + iv) = A n e x{ - u - y - v - x) p* t {2y, 2v) where x, y,u,v G W n . 

Let £>^(C 2n ) be the weighted Bergman space defined as 

B x (C 2n ) = {F entire on C 2n : / \F(z, w)\ 2 W x (z, w)dzdw < oo}. 

Jc 2n 

Theorem 2.1. The map e~ tLx :/—>■/* p*, called the X-twisted heat kernel trans- 
form, is a unitary operator from L 2 (IR 2n ) to B x (C 2n ). 

For more details and the proof see [TJ. 

2.2. Laplacian and heat kernel on Heisenberg motion groups. 

Let K be a compact, connected Lie subgroup of Aut(M. n ), such that HP) is 
a Gelfand pair. By this we mean that the convolution algebra of A'-invariant L 1 - 
functions on HP is commutative. A maximal compact connected group of automor- 
phisms of HP is given by the unitary group U(n) acting on HP via k(z, t) = (kz, t). 
Conjugating by an automorphism of HP if necessary, we can always assume that 
K C U(n). It is well known that (U(n),M n ) is a Gelfand pair and there are many 
proper subgroups K of U (n) for which ( K, HP) form a Gelfand pair. 

Let HIM be the semidirect product of HP and K with the group law 

(x, y, t, k)(u, v, s, h) = ((x, u, t)-(k-(u, v),s), kh) where (x, y, t), (u, v, s) G HP; k,h G K. 

HIM is called the Heisenberg motion group. For K = U(ri), MM n = HI" x U(n) 
is more commonly known as the Heisenberg motion group. However, in this paper 
by a Heisenberg motion group HIM, we shall mean HP x K. Points in HIM will be 
denoted by (x, y, t, k) where (x, y, t) G HP and k G K. 

Let Ki, K2, ■ ■ ■ , Kn be an orthonormal basis of the Lie algebra k of K. In the 
Heisenberg motion group HIM, we have 2n + 1 + N one parameter subgroups given 
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Gj = {(tej, 0,0,7) : t G R} 

G n+j = {(0, tej, 0,1) :t el} 

G 2n+ i = {(0, 0,t, I) : t <E K} 

G 2n+1+ , = {(0,0,0,exp(^)) 



where 1 < J < n, 1 < I < N and are the co-ordinate vectors in R n . Corresponding 
to these one parameter subgroups we have 2n + 1 + N left invariant vector fields 
Xi, X 2 , ■ ■ ■ , X 2n +i+N, which form a basis of the Lie algebra of IM. The Laplacian 
A on MM is given by 

A = -(X 2 l+ X 2 2 + ... + Xl +1+N ). 

Let Sp(n, M) denote the symplectic group consisting of order 2n real matrices with 

determinant one that preserve the symplectic form [(x, u),(y,v)] — u • y — v • x. Let 

0(2n,R) be the orthogonal group of order 2n. Define M = Sp(n,R) f]0(2n,R). 

Then there is a one to one correspondence between M and the unitary group U(n). 

Let k = a + ib be an n x n complex matrix with real and imaginary parts a and b. 

(a -b\ 

Then k is unitary if and only if the matrix G M. A simple computation 

\b a j 

using the above and the fact that K C U(n) shows that 

A = —Ann — A^- 

2n+l 

where Ah^ = ^ X? and A K are the Laplacians on HP and K respectively. 
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Since Ae™ and A# commute, it follows that the heat kernel ip t associated to A is 
given by the product of the heat kernels k t on M. n and q t on K. In other words 



ip t (x,u,£,k) = k t (x,u,^)q t (k) 

= ((470-" J^e~ tx2 p x t {x,u)d\\ l^^e-^xM 

Here, for each unitary, irreducible representation tc of K, d n is the degree of tt, 
is such that tt(Ak) = — X n I and Xn{k) = tr(7r(k)) is the character of tt. For more 
details, see [3]. 

2.3. Segal- Bar gmann transform. 

Denote by G the complexification of K. Let Kt be the fundamental solution at the 
identity of the following equation on G : 

du 1 

where Ac is the Laplacian on G, for details please see jl]. It should be noted 
that Kt is the real, positive heat kernel on G which is not the same as the analytic 
continuation of qt on K. 

Define *4.^(C 2n x G) to be the weighted Bergman space 



^ (C xG) = {F entire on C xG : / / \F(z, w, g)\ z W?(z, w)dzdwdis(g) < oo} 

Jg Jc 2n 

where 

dv(g) = I K t (xg)dx on G. 
Jk 

We now introduce a measurable structure on | | A x (C 2n x G). By a section s of 

A^O 

\_\ A x (C 2n x G) we mean an assignment 



A^O 



s : E* -»• [J A A (C 2n x G) 
A^o 

A -> s x eA x {C 2n xG). 
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Now we define a direct integral of Hilbert spaces by 

p A x (C 2n xG)e 2tx2 d\ =\s:W^\_\ A x (C 2n x G) such that s is measurable and 

•* R * I A^O 

\\af= [ || SA ||2 e 2 ^dA<ool 
Jr* ) 

where || • ||a denotes the norm in ^ t A (C 2n x G). Clearly this is a Hilbert space. 
For suitable functions / on MM, let us define a function f x on IR 2 ™ x K by 

f x (x,u,k) = [ f(x,u,t,k)e iXt dt. 



Notice that this definition is consistent with the one used earlier for functions on M n 
(i.e. for right i^-invariant functions on MM). Then we have the following theorem : 

Theorem 2.2. If f G L 2 (MM), then f *ip t extends holomorphically to C 2n+1 x G. 



a) The image of L (MM) under the Segal-Bargmann transform /—>•/* ip-. 



cannot be characterized as a weighted Bergman space with a non-negative 
weight. 

(b) For every t > 0, the Segal-Bargmann transform e~ tA : L 2 (MM) -)■ |_J A x {C 2n 

A^O 

xG), /->(/* ipt) X is an isometric isomorphism. 

Proof. Let / G L 2 (MM). Expanding / in the K- variable using the Peter- Weyl the- 
orem we obtain 

f(x,u,t,k) = 2 fij(^,u,t)(j)l(k) 

where for each n G K, d n is the degree of n, <^-'s are the matrix coefficients of 7r 

and fij(x, u,t) = / f(x, u, t, k)(j)^{k)dk. Here, the convergence is understood in the 
Jk 

L 2 -sense. Moreover, by the universal property of the complexification of a compact 
Lie group (see Section 3 of [1]), all the representations of K, and hence all the matrix 
entries, extend holomorphically to G. 

Since ipt is fT-invariant (as a function on M n ) a simple computation shows that 

f * tfj t (x, u : t,k) = ^2 4e __i ~ ^2 fij * h(x, u, £)<%(&), 
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where the convolution on the right is the one on HP. It is easily seen that G L 2 (EI n ) 
for every n E K and 1 < i, j < d w . Hence f-j * k t extends to a holomorphic function 
on C 2n+1 . We formally define the analytic continuation of / * ip t to C 2n+1 x G by 

where (z, w, £) G C 2n+1 and g G G. 

We claim that the above series converges uniformly on compact subsets of C 2n+1 x 
G so that f *ipt extends to an entire function on C 2n+1 x G. We know from Section 
4, Proposition 1 of [1] that the holomorphic extension of the heat kernel qt on K is 
given by 

Qt(g) = 22 d ^~^xM- 

tt£K 

For each g G G, define the function qf (k) = q t (gk). Then qf is a smooth function on 
K and is given by 

Since qf is a smooth function on K, we have for each g G G, 

(2.1) /* |^)| 2 ^ = £ d n e~^ £ \^(g)\ 2 < oo. 

Let L be a compact set in C 2n+1 x G. For (z, to, (,g) £ L we have, 

(2.2) |/*^^,C^)I < E^ e " Y E 1/5*^^011^)1- 

It is known that the inclusion e"* Alin L 2 (EI n ) <-> C(C 2n+1 ) is continuous (see Section 
3 of [7]) i.e. there exists a constant Cl depending on L such that for any h G L 2 (HP), 

sup \h* k t (z,wX)\ < C L \\h\\ L 2 {Mn) 
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where V is the projection of L to C 2n+1 . Using the above in (12. 2 p and applying 
Cauchy-Schwarz inequality we get 

C,g)\ < c L Y,d,Y,\\^Mm^\<PU9)\ 

Noting that H/lll = 4 / l/5( X )! 2dX and 

g t is a smooth function on G we 

& < -,-1 

7T6K M— 1 

prove the claim using (12. ip . Hence f * ipt extends holomorphically to C 2n+1 x G. 

Next, we want to prove the non-existence of a non- negative weight function W t 
on C 2n+1 x G such that for every / £ L 2 (iM), we have 

/ / \f(x,u,t, k)\ 2 dxdudtdk = / |/* ^(z, io, C, fi f )| 2 W / i(-2 ; ) C, g)dzdwd(dg. 

JKJW 1 JC 2n + 1 xG 

If we take / such that f(x, u, t, k) = h(x, u, t) for h G L 2 (HP), then we get from the 
above relation that 

/ | ft (*,M)W f = / |/Ufe(,,«,,OI'(U(W, 9 )*)<i^. 

JWi n Jc 2n + 1 \Jg J 

Since Wt is assumed to be non-negative, this clearly gives a contradiction to the fact 
that the image of L 2 (U n ) under the Segal-Bar gmann transform h — > h * k t cannot 
be characterized as a weighted Bergman space with a non-negative weight (see [7] 
for details). 

For any / G L 2 (iM), define f x (k) = f(X, k) for X G HP and k G Then using 
Theorem 2 in [3] we have 



K 



\f(X, k)\ 2 dkdX 
\f x *q t (g)\ 2 dis(g)dX. 



G 
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Define F g (X) = fx* Qt(d) f° r 9 £ G. Then, using Theorem 5.1 of [7] we get that 



/ / \F g (X)\ 2 dXdv(g) 
Jg Ju n 




IG 




' G 



e 2tx2 \\(F g *k t )% Hc2n) d\dv(g) 
e 2tx? I \(F g *k t ) x (z,w)\ 2 W x (z,w)dzdwdXdu(g). 

It is easy to see that F g * k t (x, u) = f * ipt( x , u, g)- Since the functions on both the 
sides extend holomorphically to C 2n , we have F g * k t (z, w) = f * ipt(z, w, g) for every 
z, w G C n and g G G. Hence it follows that 



I = I 1^1 \(f*A) X (z,w,g)\ 2 W t x (z,w)dzdwdu(g)d\. 



It remains to prove the surjectivity part. Let s G / *4 t A (C 2n x G)e 2t>? ' dX. Then 

s\ G A x (C 2n x G) and / \\sx\\ 2 x e 2tx2 dX < oo. Now e - tA K e -tL x j s a un jt a ry map from 

Jr* 

L 2 (R 2n x K) onto A x (C 2n x G). So there exists g x G L 2 (R 2n x A") for each A ^ 
Jh that e '-e-i = and / Wi ^ >if)( « < oo. L ^ that 

there exists a unique / G L 2 (EIM) such that / A (x, u) = g\(x, u) almost everywhere. 
Finally we have (/ * t/^) a = e~ tx2 e~ tAl< e~ tLx g\ in L 2 . Using the above equalities we 
have (/ * if)t) x = s\. This proves the surjectivity and hence the theorem. 

□ 



3. Gutzmer's formula and Poisson Integrals 

In this section, we briefly recall Gutzmer's formula on compact, connected Lie 
groups given by Lassalle in [8]. Then we prove a Gutzmer type formula for functions 
on C 2n with respect to the A-action. With the help of the above Gutzmer's formulae, 
we characterize Poisson integrals on the Heisenberg motion groups. We also give a 
generalization of the Segal-Bargmann transform on Heisenberg motion groups. 
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3.1. Gutzmer's formula on compact, connected Lie groups. 

Let k and g be the Lie algebras of a compact, connected Lie group K and its 
complexification G. Then we can write g = k+ p where p = ik and any element 
g G G can be written in the form g = k exp iH for some k G K, H G k. If h is a 
maximal, abelian subalgebra of k and g L = ih then every element of p is conjugate 
under K to an element of a. Thus each g & G can be written (non-uniquely) in the 
form g — k\ exp (iH)k2 for ki,k2 E K and H E h.\i k\ exp (iHi)k[ = k^ exp (if^)^, 
then there exists it; G W, the Weyl group with respect to /i, such that H\ = w ■ H2 
where ■ denotes the action of the Weyl group on h. Since K is compact, there exists 
an Ad— iiMnvariant inner product on k, and hence on g. Let | • | denote the norm with 
respect to the said inner product. Then we have the following Gutzmer's formula 
by Lassalle (see [8]). 

Theorem 3.1. Let f be a holomorphic function in K exp(iQ r )K C G where Q r = 
{H G k : \H\ < r}. Then we have 

{fihexpiH^dhdh = Wf(*)\\HsX*{exp2iH) 

tt£K 

where H <E Q r and f(n) is the operator-valued Fourier transform of f at tc defined 

by /(tt) = / f&Wk-^dk. 
Jk 

For the proof of above, see [8]. 

3.2. The Hermite and special Hermite functions. 

Here we collect relevant information about Hermite and special Hermite functions. 
We closely follow the notation used in [T5] and we refer the reader to the same for 
more details. 

For every A ^ 0, the Schrodinger representation tt\ of the Heisenberg group HP 
on L 2 (W n ) is defined by 

vr A (x, u, t)f(0 = t' A V A: ^--'--'<7iX + u ) 
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where / G L 2 (1P). A celebrated theorem of Stone- von Neumann says that up to 
unitary equivalence these are all the irreducible unitary representations of HI™ that 
are nontrivial at the center. 

Theorem 3.2. The representations 7T\, A 7^ are unitary and irreducible. If p is an 
irreducible unitary representation ofW 1 on a Hilbert space H such that p(0,0,£) = 
e lXt I for some A 7^ 0, then p is unitarily equivalent to n\. 

Note that 7T\(x,u,t) = e lXt n\(x, u, 0). We shall write n\(x,u,0) as tt\(x,u). Let 
(p a , a G N n be the Hermite functions on BP normalized so that their L 2 norms are 
one. The family a G N™} is an orthonormal basis of L 2 (1P). For A 7^ 0, we 
define the scaled Hermite functions 

<f> a (x) = |A|?0 a (|A|5x). 

We also consider 

<f) aB (x, u) = (2tt)-? I A|§ (n x (x, u, 0)0*, for a, (3 G N n 

which are essentially the matrix coefficients of ii\ at (x,w,0) G HP. They are the so 
called special Hermite functions and {(f) af5 : a, /3 G N n } is a complete orthonormal 
system in L 2 (IR 2n ). 

Note that = H x (£)e~^\ 2 w here H x is a polynomial on R n . For z G C n , we 

define (j> a (z) to be H x (z)e~^ z2 where z 2 = z ■ z. Then for z, w G CP we can define 

Hence we have 

<f>^(z,w) = (27r)-f |A|? (tt a (z,«;)^,^) 
for z, «; G CP An easy calculation shows that 

(3.1) {Tr x (z,w)<fc,<f>$ = (<P a ,n x (-z,-w)<p x ). 

Notice that both 4> a (z), (j)*g(z,w) are holomorphic on C n and C 2n respectively. 
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3.3. Gelfand pairs and the Heisenberg group. 

For each k G K C U(n), (x,u,t) — >■ (A; • (x,u),t) is an automorphism of IP, 
because £/(n) preserves the symplectic form 2; • u — y • v. If p is a representation 
of H n , then using this automorphism we can define another representation p^ by 
Pk(x,u,t) = p(k ■ (x,u),t) which coincides with p at the center. If we take p to 
be the Schrodinger representation n\, then by Stone-von Neumann theorem (7T\)k 
is unitarily equivalent to tt\ and we have the unitary intertwining operator p\ such 
that 

(3.2) 7r x (k ■ (x, u),t) = p x (k)n x (x, u, t)p,\(k)*. 

The operator valued function p\ can be chosen so that it becomes a unitary 
representation of K on L 2 (IR n ) and is called the metaplectic representation. For 
each m > 0, let V m be the linear span of {<p a : \a\ = m}. Then each such V m is 
invariant under the action of p\(k) for every k e K C U(n). When K = U(n), 
Px\-p m is irreducible. When K is a proper compact subgroup of U(n), V m need 
not be irreducible under the action of p\. So it further decomposes into irreducible 
subspaces. It is known that (K, HP) is a Gelfand pair if and only if this action of K 
on L 2 (W n ) decomposes into irreducible components of multiplicity one (see pQ). 

Let L n ~ x be the Laguerre polynomials of type (n— 1) and define Laguerre functions 



by 




Then it is known that 



<p m (x,u) = ^ <t>acc{ X i U ) 



\a\=m 



and e m [x-i u i t) = ~T- — ^-^Vifs, u) is a U (n)-spherical function. Let V m = T 3 , 
aim / m 



a=l 



ma 



be the decomposition of V m into iT-irreducible subspaces. Then 



1 



e lA VL(^,«) 



1 



) t)4>ma-i 'Pma) 



dim'P, 



ma 



dim'P, 



ma 



6=1 
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is a K-spherical function where {4> ma '■ b = 1 • • • B a } is an orthonormal basis for V ma 
such that {4> h ma '■ b = 1 ■ ■ ■ B a ,a = 1 • • • A m } is an orthonormal basis for V m . For 
more on Gelfand pairs and spherical functions on HP see pp. 

3.4. Gutzmer's formula for K-special Hermite functions. 

Let us write {4> b ma ■ b = 1 • • • B a , a = 1 • • • A m } as {ip a : a G N n } such that for each 
m, {4> b ma : b = 1 • • • B a , a = 1 • • • A m } are the ones which occur as if> a for \a\ = m. 
For A 7^ 0, we define 

= |A|t^ Q (|A|5x). 

Consider 

= (27r)-S|A|5(7r A (x,u)^,^) 

and we call them K-special Hermite functions. It is easy to see that {i/j^b '■ ot,/3 £ 
N n } is a complete orthonormal system in L 2 (IR 2n ). Since each ip a is a finite linear 
combination of </> a 's, both ip* and ip*g extend as holomorphic functions to C n and 
C 2n respectively for each a, (3 G N™. We also note that the action of K C [/(n) on 
IR 2 ™ naturally extends to an action of G on C 2n . 

Theorem 3.3. For a function F G L 2 (K 2ri ) having a holomorphic extension to C 2n , 
we have 

[ [ \F(k- (x + iy,u + iv))\ 2 e x(u - y - v - x) dxdudk 
Jk Jr 2 " 

OO A m 

= E E( dimP ^)"VL(2^, 2iv)\\F* x ^J 2 , 

m=0 a=l 

whenever either of them is finite. 

Proof. First we want to prove that ip^gS are orthogonal under the inner product 

(F,G)= I [ F{k ■ (x + iy, u + iv)) G{k ■(x + iy,u + w)) dx du dk 

Jk Jr 2 " 
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for F, G G L 2 (IR n ) which have a holomorphic extension to C 2n . So, we consider 

ifcp(k -(x + iy,u + iv)) i/)£ v (k- (x + iy,u + iv)) e x{ - u ' y ~ v ' x) dx du dk 




' K 



(2n)- n \\\ n / / <7r A (A; • (x, u))ifc, n x (k ■ (iy, iv))^) (7v x (k ■ (x, u))^ 



IK JR 2n 



ir\(k ■ (iy,iv))ip£) dx du dk 

by (I3.1j) . Expanding n\{k ■ (x,u))ip^ in terms of tp* n\(k ■ (x,u))ip* in terms of if)* 
and using the self-adjointness of it\{k ■ (iy,iv)) the above equals 



J2 l^x(k-(w,iv))rf,ip%) (7r A (fc- (iy,iv))^,W) ( ^ p (fc • (x, «)) 

p,creN" 



A' 



<W / (Tr x {k-{2iy,2iv))^,^) dk, 



'K 

8 being the Kronecker delta. Then using (I3.2p . expanding /i A (/c _1 )-;/r) in terms of 
for 7 G ? ma , nxi^k' 1 )^ in terms of ^ for 5 G 7^ and using Schur's orthogonality 
relations we get that the above equals 

<W / <^A(2^^/,2^^;) y u A (A:- 1 )^,/x A (A:- 1 )^> dA; 
= <W Y Y(f vAk~ l )mp{k- x )dk\ (7r x {2iy, 2iv)^, 
= <W <W dim 7^ (p^ a (2iy,2iv) 



where V ma and "P/t are the ones which contain if)* and if)g respectively and rj^s are 
the matrix coefficients of /x A . 

Then for a function F as in the statement of the theorem we have 

\F(k -{x + iy,u + iv))\ 2 e Ku - y - v - x) dxdudk 

I K 

oo A„ 

^^(dimP ma )-VL(2^,2z^) ( Y Y K F '^)! 2 ) • 

m=0 0=1 VaeN" /3eP ma 
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A || 2 
ma II 



Now, it is easy to see from standard arguments (see [33] for details) that \\F *\ <p 
= \{F, ipap)] 2 an d hence the theorem follows. 

CVGN" 0ev ma 

□ 

3.5. Poisson integrals for the Laplacian on Heisenberg motion groups. 

Proposition 4.1 of [TD] gives that for / G L 2 (B. n ), 

OO A r , 



f(x,u,t) = (2n)- n J2H / /* 

m=0 a=l J R 



ei a (x,u,t)\\\ n d\. 



Recall that the Laplacian A on MM is given by A = — Ae« — A# and for suitable 
functions / on HTM, a function f x is defined on M? n x K by 



f x (x,u,k) = / f(x,u,t,k)e iXt dt. 
Jr 

For / G L 2 (HM), we have the expansion 

f(x,u,t,k) = ^d n ^2 fijfauitWijft) 

where f^{x,u,t) = I f(x,u,t,k)(j)^(k)dk. Then it is easy to see that 
Jk 



i 



e q f(x,u,t,k) 



/ „ oo A m l > 

/ EE e ^ ((2m+n)|A|+A2+M '(/5) A *A^(^«)e a4 iArrfA 

,tp£ i,i=l \/ R m=Q a=l , 



We have the following (almost) characterization of the Poisson integrals. Let be 
the domain in C 2n+1 x G defined by {(z,w,r,g)eC n xC n xCxG: \Im(z, w)\ < p, 
\H\ < p' where g = &i(exp zif )£; 2 , k\, k 2 G K, H G h}. Notice that the domain Q P)P > 
is well defined since | • | is invariant under the Weyl group action. 



Theorem 3.4. Let f G L 1 f)L 2 (MM) be such that f x is compactly supported as 
a function of A. Then there exists a constant N such that for each < p < q, 
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1 

h = e~ qA ^ f extends to a holomorphic function on the domain Qp _e_ and 



2' JVv/2 




/ \h(X • (z,w,T,kiexp(iH)k2))\ 2 dXdfj, r dkidk 

oo A m „ 

= ^te(exp^)^^(dimP m )- 1 / L n m -\-2\r 2 ) 

^ z> m=0 a=l ^ R 



>K J K J \Im(z,w)\=r 

oo A„ 



g Ar 2 e 2XImT 



TreK 

e - 2g( ( 2m+ n)iAi + A 2+ M^ \mr *^ x ma \\ 2 d\ 

where fi r is the normalized surface area measure on the sphere {\Im(z,w)\ = r} C 
]R 2n for r < | and U^ 1 are the Laguerre polynomials of type (n — 1). 

Conversely, there exists a fixed constant V such that if h is a holomorphic function 
on the domain Q q 2q , h x is compactly supported as a function of X and for each r < q 

m/ \h(X • (z,w,r,kiexp (iH)k 2 ))\ 2 dXdfj, r dkidk2 < oo, 
,Im{z,w)\=r JW n 

l 

then for every p < q, there exists f G L 2 (iM) such that h = e~ pA ^ f. 

Proof. First, we prove the holomorphicity of e~ qA7 f on Qe 5 _e_ for < p < q by 
proving uniform convergence of the same on compact subsets. So, we consider a 
compact subset M C Hp _p_. 
Since 

e - g ((2m+n)|A|+A 2 +A,)i < g - ^ g - ^ ((2m+n)| A|+A 2 ) i 

for (z, w, r, 5) = (x + it/, -u + iv, t + is, ke iH ) e M C C n x C n x C x G, we have 
I 1 

|e _<zA2 /(^w,T,#) 

,r e X M =1 \m=0 a=l 
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Now, it can be seen that for a fixed A, 
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It follows that 
So, we get that 

OO Am 



EE e " f((2m+n)|A|)2 l(/5) A *A^H| 

m=0 a=l 

OO A m 

e A(.. y __) ||(/ . ) A ||i 2-2- e -i((2 m+ .)|A|) 3 (dimnna) l (^^^-^^ 



Applying Cauchy-Schwarz inequality to the above and noting that ip m (2iy,2iv) = 

A m -Am / , i \ I 

y?* a (2iy, 2iv ) (see 110] for details) and dimP m = } dimV m a = r, rr 

' ' m!(n — 1)! 

a=l a=l v ' 

we get that 

oo A m 1 



EE e ~ f((2m+n)|A|)5 K/5) A *A^^)| 



m=0 a=l 

1 

2 



< 

II WtJ/ ||* 

m=0 



As in the proof of Theorem 5.1 of [H], for any fixed (y,v) with |y| 2 + \v | 2 < r 2 < 



2 2 

£j- < the above series is bounded by a constant times 

OO 

n— 1 1 1 



m=0 



m ^ m ^-8 e -(( 2m +«)l A l) 7 (f^) 



^ Si. A /T„„„„, m „ + 1, „ f„ „4- „4- ll/-£7T\A 

2 2 

and / A is compactly supported as a function of A, we can conclude that 



which certainly converges if r < - < -. Moreover, using the fact that ||(/^) A ||i < 



i 

e~ qA ^ f(z,w,r,g) 



d*^\<%(jg)\e-*br. 
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For g = ke iH , we have <\>lj{ke iH ) = ^ 0S(*O0y( e<fr )- Since is unitary ioi k <E K 

1=1 

and Tx{e tH ) is self-adjoint for H E h, it follows that l^aWl 2 = 1 an d 

z=i 

= ^(7r(e^) e ,, e ,)( ei;7 r(e^)e,) 

= ^<7r(e^)e^7r(e^)e z ) 
= X7r(exp2ii7) 

where ei, e2, ■ • • , is an orthonormal basis of the Hilbert space l-t n on which n 
acts. Now, using Cauchy-Schwarz inequality we get that 



f(z,w,r,g) 



< C J]dI(x 7r (exp2i£f))5 e - a w E . 

From Lemma 6 and 7 of [3] we know that there exist constants A, B, C and M 
such that \ n > A\fx\ 2 , d n < B(l + |/i| c ) and |x^(expzy)| < d 7r e M|y|H where /i is the 
highest weight of n. Hence we have 

| X7r (exp2i#)| < d n e 2M ^ < d n e 2N \ H ^ 

where N = M=. It follows that 

VA 



e q f(z,w,r,g) 



C\ 3 



q 

V2 



Q 1 
which is finite as long as \H\ < =. Hence we have proved that e~ qA ^ f extends 

to a holomorphic function on the domain S]e_e_ for p < q. 
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Now, we prove the equality in Theorem 13.41 It should be noted that the domain 
Qe > g_ is invariant under left translation by the Heisenberg motion group EEVL 
For X = (x', u', t', k') e MM, (z, w, r, g) = (x + iy, u + iv,t + is, ki exp (iH)k 2 ) G 
VLe v C <C n x C n x C x G and a function F holomorphic on Qe p , by Gutzmer's 
formula on K we have 



\F(X ■ (z, w, r, ki exp (iH)k 2 ))\ 2 dXdfi r dkidk2 

I K J K J\Im(z,w)\=r JU n 




J2d n f2 [ III \F^(x' + ty,u' + iv,t' + i(s + l(u' ■ y - v ■ x')))\ 2 

~ „■ „-_i J\Im(z,w)\=r Jm. JR n il" Z 



\Im(z,w)\=r 



X7r(exp 2iH)dx'du'dt'dfi r . 



It is easy to see that - — — — / y?m a (& ' (x,u))dk is a [/(n)-spherical function. 

dim V ma J u[n) 

If 1 

So it is obvious that / (p m (k • (x, u))dk — cp (x,u). By analytic 

dim V ma Ju(n) dim V m 



continuation on both sides we get 



,. > r) i Vma{h- {2iy,2iv))dk= — 1 ¥ m (2iy , 2iv) ■ 
dim V ma Ju{n) dim V m 



Hence it follows that the integral over U(n) can be seen as an integral over the 
sphere \y\ 2 + \v | 2 = r 2 such that 

i r i 



dimP ma JM 2 + \ 



l ^ ma (2iy,2iv)diL r = ^^L n m \-2\r 2 )e Xr 

J\y\2+\ v \2= r 2 aim H m 

So, from Theorem 13.31 we have 

\(F*)\x + iy,u + iv)\ 2 e x{u - y - v - x) dxdudfi T 

\y\2 + \ v \2 =r 2 J R 2n 
OO A m 

£ E( dim ^) -1 ^ 1 (-2Ar 2 )e^ 2 \\{F^ * A 

m=0 a=l 
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It follows that 




K J K J \Im(z,w)\=r 



\F(X ■ (z, w,r, fciexp (%H)k 2 ))\ dXd^ r dk\dk 2 



^^X.(expM)^^(dimP m )- 1 / Ll-\-2Xr 2 )e Xr2 e 2Xs 

Ell(^) A *A^al| 2 ) d\. 

l 

Hence for h = e~ qA1 f we get the first part of Theorem 13.41 

To prove the converse, we first show that for any < $ < oo, there exist constants 



U, V such that 



(3.3) 



/ ;Gr(exp 2iH)da#{H) > d w Ue v * x x 

J\H\=$ 



where da^(H) is the normalized surface measure on the sphere {H e h : \H\ — 
C ]R m and m = dimh. If H £ a, then there exists a non-singular matrix Q and 
pure-imaginary valued linear forms V\ , v 2 , ■ ■ ■ , Vd n on Ql such that 

Qn(H)Q- 1 = diag(u 1 (H),u 2 (H),--- ,^(#)) 

where diag(ai, a 2 , ■ ■ ■ , a^) denotes kxk diagonal matrix with diagonal entries a\, a 2 , ■ ■ 
Now, v(H) = H) where v is a weight of tt. Then 

exp(2iQn(H)Q- 1 ) = Q exp(2m(H))Q- 1 = diag(e 2iUl{H \ e 2iu ^ H \ ■ ■ ■ ,e 2iv ^ {H) ). 



Hence 



X,r(exp2iff) = Tr(Qexp(2i7r(H))Q- 1 ) 



e -2(^,H> + e -2(u 2 ,H) _j j_ e -2(u dn ,H) 



> e 



-2(jj.,H) 
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where \x is the highest weight corresponding to ir. Integrating the above over \H\ = 
we get 

I xAexp2iH)da#(H) > [ e~ 2 ^ H) da^H) 

J\H\=0 J\H\=0 

Jf-i(2n%|) 

where Jm-x is the Bessel function of order (y — 1). It is known that A^ ~ |//| 2 , 
hence we have 

(3.4) I xAexp2iH)da4H) >U e l 

J\H\=0 



for some V. Consider the domain Q 2? for this V. Let h be a holomorphic function 
on the domain Q 2, such that h x is compactly supported as a function of A and for 

1i V 

r < q, 

ml \h(X ■ (z,w,r,kiexp (iH)k2))\ 2 dXdfj, r dkidk 2 < oo. 
,Im{z,w)\=r JU™ 

So, as before it follows that 

oo A 



^te(ex P 2^i/)^^(dimP m )- 1 / L^\-2\r 2 )e Xr2 e 

neK ™=0 o=l ^ 

Ell(^) A *A^ a ir) rfA < oo forr<g. 
2q 

Integrating over \H \ — i9 for d < — and using (13 .4p . it also follows that 



2\s 



OO An. 

Xr 2 e 2\s 



^^^^^(dim^)- 1 / Ll:\-2\r 2 )e 

^Ell(^-) A *A^Ll| 2 j rfA < oo forr<g. 
Now, Perron's formula (Theorem 8.22.3 of [13]) gives 

L«(C) = i7r-5 e l(-C)-f-5mf-3e 2( -^^ (l + 0(m"3) 
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valid for £ in the complex plane cut along the positive real axis. Note that we 

(ijl -)- fi — 1) 1 

require the formula when £ < 0. So, using the fact that dimV m = — and 

m\(n — 1)\ 

Perron's formula we get that 

for q < r < q and < — . For p < q, defining (/M A by (/£) A = e 2p((2m+i)|A|+A 2 +A.)^ 
(^■) A and using the inequality 

e 2p((2m+l)|A|+A 2 +A 7r )i < e 2p((2m+l)| A|) 2 g 2p| A| ^pv^ 

we obtain 

and/ i = e- pA V- □ 

3.6. A generalization of the Segal-Bargmann transform. 

In [1] Brian C. Hall proved the following generalizations of the Segal-Bargmann 
transfoms for MJ 1 and compact Lie groups : 

Theorem 3.5. 

(I) Let // be any measurable function on lR n such that 

• fx is strictly positive and locally bounded away from zero, 



• V x e M n , a(x) 
Define, for z G C" 



/ e 2x - y n(y)dy < oo. 



1 V^W) 



where a is a real valued measurable function on M. n . Then the mapping : L 2 (R n ) — > 
0{C n ) defined by 

C^{z) = I f(x)ifi(z — x)dx 

is an isometric isomorphism of L 2 (W 1 ) onto 0(C n ) f)L 2 (C n ,dx[i(y)dy). 
(II) Let K be a compact Lie group and G be its complexification. Let v be a measure 
on G such that 
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v is bi—K -invariant, 

v is given by a positive density which is locally bounded away from zero, 
For each irreducible representation ir of K, analytically continued to G, 

W = iAr I lk(</- 1 )|| 2 A/0/)<oo. 



dimV n J G 

Define r(g) = "S~^ — -=^=Tr{ii(g~ l )U. K ) where g G G and U n 's are arbitrary unitary 
matrices. Then the mapping 

Crf(g) = [ f(k)r(k- 1 g)dk 
Jk 

is an isometric isomorphism of L?{K) onto 0{G) C\ L 2 (G, dv(w)). 

In a similar fashion, we prove a generalization of Theorem 12.21 for MM. For each 
non-zero A G R, let W\ be a K-invariant measurable function on IR 2 ™ such that it 
satisfies the following conditions : 

• W\ is strictly positive and locally bounded away from zero uniformly in A, 

• For each < m < oo and 1 < a < A m , 

<T m ,a,x= / (p^ a (2iy,2iv)Wx(y,v)dydv < oo. 

JR 2n 

For x, u G M. n , define 

p X ( X , u) = (—J C m,a,X {^m,a,x)"^ (dimP^) 3 (p^ a (x, u), 

VI I / m=0 a=l 

where | CVn,,a.,A | = 1- For (x,u,t) G M n , consider 

p(x,u,t) = (47r)~ n / e- lXt p\x lU )e- x ' 2 d\. 



Next, let v, 5 and r be as in Theorem 13.51 (II). Also define ip(X, k) = p(X)r(k) for 
X G M n , k G K. Since a mAt \ has exponential growth, it can be proved in a manner 
similar to Theorem 12.21 and Theorem 13.41 that if) extends to a holomorphic function 
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on HP x G. Let A x (C 2n x G) be the weighted Bergman space A x (C 2n x G) = {F 
entire 



on 



C 2n xG:[ [ \F(x + iy,u + iv,g)\ 2 W x (y,v)e x{u - y - v - x) dx du dy dv du{g) < oo}. 

JG JC 2n 



Then using Theorem 13.31 it is easy to prove the following analogue of Theorem 13.51 
for HIM following the methods in Theorem 12.21 

Theorem 3.6. The mapping 

C^f(Z, g) = [ f(X, k)(f>((X, k)-\Z, g))dXdk 

J MM 

is an isometric isomorphism of L 2 (HIM) onto / ^(C 2 " x G)e 2X dX. 



4. Plancherel Theorem and complexified representations 

In this section, we first state and prove the Plancherel theorem for Heisenberg 
motion groups. Thereby, we also list all the irreducible unitary representations of 
HIM which occur in the Plancherel theorem. We then use these representations to 
prove a Paley- Wiener type theorem, which is inspired by Theorem 3.1 of [3]. 

4.1. Representations of HIM and Plancherel theorem. 

Let (cr, be any irreducible, unitary representation of K. For each A ^ and 
a G K, we consider the representations p x of HIM on the tensor product space 
L 2 (IR n ) <g) Ha defined by 

p x (x, u, t, k) = tc x (x, u, t)/j x (k) g) a(k) 

where n\ and p\ are the Schrodinger and metaplectic representations respectively 
and (x,u,t,k) 6 HIM. 

Proposition 4.1. Each p x is unitary and irreducible. 
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Proof. It is easily seen that each p a is unitary. We shall now prove that p a is 
irreducible. Suppose M C L 2 (IR n )® H ff is invariant under all p a (x,u,t,k). If M ^ 
{0} we will show that M = L 2 (R n ) ® U a proving the irreducibility of p a . If M is a 
proper subspace of L 2 (R. n ) ® invariant under p^(x, w, t, fc) for all (x, w, t, k), then 
there are nontrivial elements / and g in L 2 (K n ) ®T-L a such that f E M and <? is 
orthogonal to p^(x, u, t, k)f for all (x, u, t, k). This means that (p a (x, u, t, k)f, g) — 
for all (x, w, t, k). 

Recall the functions from Section 13.21 It is easily seen that for each A / 0, 
{(f)^ : a G N n } forms an orthonormal basis for L 2 (IR n ). Then, an orthonormal basis 
of L 2 (R n ) ® U a is given by {^®e^:a£ N n , 1 < i < d a } where {e? : 1 < i < d a } 
is an orthonormal basis of % a and d a = dimT-L a . Now, given f,g& L 2 (WL n ) <S> Ha, 
consider the function 



where ?7^ 7 's are the matrix coefficients of p\ and k e K C U(n). It is to be noted 
that this expansion is in terms of the scaled Hermite functions 0^ and not in terms 
of the modified i^-Hermite functions ip* defined in Section 13.41 So the summation 
is taken over the whole of \a\ = \ j\ and not over a particular V ma . Hence, it follows 
that 



y/(x, W ,t,fc) = (27r)f|A|-fe lA ' E E ^rtW^^")^ 



V g f (x, u, t, k) = (pfc(x, u, t, k)f, g). 



From the discussion in Section 13.31 it follows that 



(4.1) 




q,/3£N" l<i,i<ci CT \j\=\a\ 




7SN n l<i<d a /3eN n l<j<d a 

coefficients of a. Then calculating the L 2 norm of VJ with respect to x, u we get 



2 




o,/3eN» l<i,j<d a h\ = \a\ 
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Now, for 7r G if, if "H^ is the representation space of n and Vi,i>2, • • • , is a 
basis of T-L n , then for complex numbers Ci,l < i < d n and u G if, we have 



(4.2) 



— 1^ I 2 



E / 7)i 9f)j<t>ji(k) 



since 7r is a unitary representation of if. Hence we obtain 

/ \V g f (x,u,t,k)\ 2 dxdu = C 
Integrating over if we get that 

I I \vf(x, u ,t,k)\ 2 dxdudk = c(j2 E ia/He E i# 

J/f </R 2 ™ \ 7 eN™ l<j<d CT / V/3GN" l<j<d a 



7SN" 

= cn/iriMi 2 - 

Under our assumption that M is nontrivial and proper, we have VJ = which means 
that ll/H 2 )!^!! 2 = 0. This is a contradiction since both / and g are nontrivial. Hence 
M has to be the whole of L 2 (M n ) ® and this proves that p^ is irreducible. □ 

We now show that the representations p^ are enough for the Plancherel theorem. 
Given / G L 1 f] L 2 (HM) consider the group Fourier transform 



7(A,cr) — f(x,u,t,k)p^(x,u,t,k)dxdudtdk 
Jk Jm 2 " 

Theorem 4.2. (Plancherel) For f G L 1 f|L 2 (EIM) we /iawe 




\f(x,u,t,k)\ 2 dxdudtdk = (2tt) 



' K 



n E ^ / 



R\{0} 



/(A, a) |A|"dA. 
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Proof. We calculate the Hilbert-Schmidt operator norm of /(A, a) by using the basis 
® el : 7 e M n , 1 < i < We have, by (O) . 

/(A,a)($<g>ef) = ^ / r/^(fc) / / A (x, it, k) (ir x {x, u)<j) X a ® tr(fc)ef) tfodudfc. 



|a|=| 7 | 



Thus 



/(A,a)(^®en,^® 



f x (x, u, k)<fca(x, ^(jfjiifydxdudk 



so that 



(2<T"|A|" /(A,<7)(#®ef) 



E E 

/3eN n i<j<rf<, 



5^ / Va-y( k ) / f X (x,u,k)4> x /3 (x,u)(j)° i (k)dxdudk 
\ a \=h\ 



and 



(27r)- n |A| n /(A, a) 



E E 

/3,7SN" l<i,j<d a 



y2 / 7 7« 7 (^) / f X (x,u,k)(p x l3 ( y x,u)(f)^ i (k)dxdudk 

ii \ \ J K JR 2n 



Using Plancherel theorem for K, we get that 
(27r)-"|AP^J|/(A,a 



2 

HS 



E 



A' 



Y] Va 7 ( k ) / f x (x,u,k)4>^{x,u)dxdu 

I«l=l7l 



Applying the same arguments as in (14.21) we obtain that the above equals 



E 

a,/3eN 



n JK 



f x (x, u, A;)^ A /3 (x, u)dxdu 



dk. 
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Noting that {0^ :a,0e N n } is an orthonormal basis for L 2 (IR 2n ) we have 



' A 



(2n)- n \\\ n ^d„\\f(\,a) = \f x (x,u,k)\ dxdudk. 

^ I MS i . - i > 

cr&K 

Therefore, 



(2n)- n [ \J2dAf(X,a) 2 ] \X\ n d\ = [ [ [ 

\a<=K ) 




| f x (x, it, k) | dxdudkdX 
\f(x, u, t, k) | 2 dxdudkdt. 



K 



□ 



Since L 1 f| L 2 (HIM) is dense in L 2 (HM), the Fourier transform can be uniquely 
extended to the whole of L 2 (iM) and the above Plancherel theorem holds true for 
the same. 

4.2. Complexified representations and Paley- Wiener type theorems. 

We know that the operators /(A, a) act on the basis elements (f> x <E> ef , which gives 

/(A,<r)(#®<) 

= E I ^(k') f f\x\u\k')(K X (x\u')(i ) x a ® ( j(k')e'l)dx'du'dk'. 

h=h Jk jR2n 

Now, if we consider the operator p^(x, it, £, k) f(X, a) acting on the basis elements we 
get that 

p x (x,u,t,k)f(X,a)((j)^e^ 



i , ,Jk JR 2n 



\a\=\y\ 

a{k)a{k')e1) dx'du'dk'. 
Then it follows from (13. 2p that the above equals 

H=[tI " " 



' A 

a{k)a{k')e1) dx'du'dk' . 
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So we obtain 



f£{x,u,t,k)f(\,a){<$®e?) 



jxt 



E E / tiMv X ai (k') I f\x',u',k')(n x (x,u)7r x (k.(x',u'))<p x af 



l«'l = l«l |a|=l7l 

®a(k)a(k')e°)dx'du'dk' 



jxt 



E / rfciW I f\x\u\k'){* x {x,u)* x {k-{x\u'))<l> x a , 



|a'| = | 7 | 

®a(kk')e°)dx'du'dk'. 

Noting that the action of K C U (n) on IR 2n naturally extends to an action of G on 
C 2 ™, this action of p x .(x,u,t,k)f(X,a) on the basis elements 0^ ® can clearly be 
analytically continued to HM C = C™ x C™ x C x G and we get that (for suitable 
functions /) 

p£(z,w,T,g)f(\,(T)(<l>*®e?) 

= e iHt +is) y* f rj^(ke iH k') I f\x',u',k')(7r x (x + iy,u + w) 
M=N Jk jR2n 
ir x (ke iH ■ (x\u'))(j) X a ,®o(ke lH k')e1)dx'du'dk' 



where (z,w,T,g) = (x + iy,u + iv,t + is,ke lH ) G HM C . We have the following 
theorem: 

Theorem 4.3. Let f E L 2 (MM). Then f extends holomorphically to IM C with 
[ \f((z, w, r, g)~ l X\ 2 dX < oo V (z, w, r, g) E IM C 

iff 

E^ / p*(z,w,t,0)/(A,ct) |A| n dA<oo. 
In £/ms case we a/so nave 



(4.3) 



/ \f{{z,w,r,g)- l X\ 2 dX 

(2tt)- 2 "E^/ p X Az,w,r,g)f(\,a) 
~ Jk 



HS 



\X\ n d\. 
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Before we start the proof let us set up some more notation. We know that any 
/ G L 2 (HM) can be expanded in the K variable using the Peter Weyl theorem to 
obtain 

(4.4) f(x, u, t,k) = Y. d - ^ M ' 

where for each n G K, d w is the degree of n, (pj^s are the matrix coefficients of it 



and fij(x, u,t) — / f(x,u,t,k)(f)J j (k)dk. 
Jk 

Now, for F G L 2 (R 2n ), consider the decomposition of the function k i— > F(k-(x, u)) 
from K to C in terms of the irreducible unitary representations of K given by 

F(k-(x,u)) = J2 d ^J2 F^(x,u)r pq (k) 



where F^ q (x,u) = / F(k ■ {x,u))(p u pq {k)dk. Putting k = e, the identity element of 
K, we obtain 

d v 

F(x,u) = J2^J2 F ^ u )- 
Then it is easy to see that for k G K, 

d v 

(4.5) F?{k ■ (*,«)) = u)^*). 

9=1 

From the above and the fact that f[j G L 2 (HP) for every 7r G K and 1 < i,j < it 
follows that any / G L 2 (iM) can be written as 

f(x, u, t,k) = d » E u > 

Treif 'J^ 1 p =1 

In the following lemma we will prove the theorem for the functions of the form 

d-jy dv 

fff^x, u, t)(f)Jj(k). Then we shall prove the orthogonality of each part with 
respect to the given inner product so that we can sum up in order to prove Theorem 
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Lemma 4.4. For fixed it, v G K, Theorem \4-3\ is true for functions of the form 



/(z,m,*o = ]££^(s,mW*) 

ij=l P=l 

where for simplicity we write (/^) pp as 

Proof. First we assume that / G L 2 (HM) is holomorphic on C n x C n x C x G with 

/ |/((*, w, r, ^AfdX < oo V {z, w, r, G C n x C n x C x G 
and is of the form 

djc du 

f{x,u,t,k) = ^^fg{x,u,t)<l%{k). 

i,j=l p=l 

For (x, u, t, k) G MM., we have 

V E / vU kk ') I f X (x',u',k')(nx(x,u)7r x (k ■ (x',u'))ti 



e 

l<*i=bi Jk 
®a(kk')e°)dx du dk' . 



Making changes of variables (a/, u ) k 1 • (a/, «'), k' k 1 k' and using the special 
form of / along with (14.51) we obtain that the above equals 

eM E / / f\k-\x'M),k')^ x {x,u)7, x {x',u')<p x a 

\<A = \l\ ^ 

®a(kk')e (J l )dxdudk' 



e iXt 



I«l=l7l 

>a(k')ef)dx'du' (PUk^k'^tk-^dk'. 



Then, for (z, u>, r, gf) = (cc + it/, it + iv, t + is, ke ) G C n x C n x C x G, we get that 
^(z,w,T,£)/(A,a)(<^<g)ef) 

H=h\ i,j=ip,q =1 ' 



I K 



)a{k')e a l )dx'dv! ^ 7 (fc / )^((fce^)- 1 /c / )^((A;e iH )- 1 )cifc / . 
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Thus, expanding the inner product (tt\(z, w)tt\(x', u')(p^, (f)g) in terms of and 
using fl3.ll) . we have 



£(z, w, r, g)f(X, <r)($ ® ef), ^ ® C 

<5eN™ \a\=\i\ i,j=lp,q=l 




X </R 2 ™ 



(/ A )£(^«0A(^tO^(*,«0 



so that 



(27T) 



-2ni \ |2n I A 



p;(z, ro ,T, 9 )/(A,<r)(0i«ef) 



E E «- 

/3eN" l<m<<i CT 



2As 



EE E E 

p,g=l<5eN™ |a|=|7| i,j=l 



{f x )l]{x',u')^ a5 {x\u')dx'du' 



K 



and summing over 7 and I we have 



(2w)-"'\\\"'M(z,w,T,g)S(\a) 



E E ■ 

7,/3eN" l<l,m<d 



-2 As 



cd, <2,r 

EE E E 

p,q=l <5eN™ |a| = |7| ij'=l 



{f x )^{x\u')^'^)dx'du' 



K 



Using Plancherel theorem for we derive that 



(2tt)- 2 "|A| 2 " £ L*(z, w, r, g)f(\, a) 



2 

HS 



-2 As 



E /|E «,(«■**-) E^(*.«) E E((/ A )S'.A 

. ar-KTL J K „ 8eNn | a |_| 7 |jJ =1 



7,/3eN" " n p,9=l 
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Applying the same arguments as in (14 .2p and change of variables k! — > kk! we obtain 
that the above equals 



-2As 



-2As 



E 

a,/3eN 

E / IE 



E^(^ iH ^ 1 )E« i «( z ' ro 

p,<?=i <5eN n 



d„ 



r 1 ) E 

5eN™ i,i,6=l 



<l>l{e- m )4>Uk')\ dk'. 



dk' 



Now, using Schur's orthogonality relations we get that 



(2^T 2n |A| 2n E da \\pa(z, w, t, g)f(X, a) 



2 

HS 



o-eK 



,-2As 



djr 



E E 

a,/3eN n j,6=l 



E E ^ME((/ 



p,q=l 



<5eN n 



1=1 



Hence we have 



w,r,<7)/(A,a) |A| n dA 

1 1 HS 



(4.6) 



/ E E|E«"- ii '*- 1 )E^.'")E((/ A )S 



(h x 



i,/3eN n j,6=l p,q 
,2p-2A 5 



4 



' n c/A. 



We have obtained an expression for one part of Lemma 14.41 Now, looking at the 
other part, we have 



/ ((x, u, t, k)" 1 {x\ vf, t', k')) 

f ^/c _1 (x / — x, v! — v), t' — t — —(u ■ x' — x • vf), k^k'j 



Y,Y,ff!{x'-x,u'-u,t'-t- l -{u.x'-x- vf) ) r pq {k- 1 ) {k-'k') . 
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Since / is holomorphic on HM C , each ff? also have a holomorphic extension to 
HM C . For (z, w, r, g) = (x + iy, u + iv,t + is, ke iH ) E C n x C™ x C x G, we get 



f({z,w,T,g)-\x\u',t',k')) 



= E E fff ( x ' ~z,u' -w,t' -r-^(wx' -z- «')) P pq {e-^k- 1 ) 

i,j = lp,q=l ^ ' 

cf>l {e~ m k- l k') . 

Taking the L 2 -norm with respect to k! and applying change of variables k! — > kk' 
and Schur's orthogonality relations, we obtain 

\f({z,w,T,g)-\x',u',t\k'))\ 2 dk' 

>K 



I | E E # - *, «' - ™, f - r - i( W • a' - * • «')) ^ (e-^fc- 1 ) 



i,J,i=lp,?=l 

05 (e^) ^-(^IV 



= j- E |E E ^ 9 i x ' - z > u ' - ™J - * - \( w ■ x ' - z - u ')) ( e ~^ _1 ) 

*" j t l=l i=l p ,q=l V / 

Now, integrating over i' we derive that 

/ / i/((z,™,T,2)-vy,^o)i 2 ^' 

</R J K 

E / |E Ec^v-^w'-^fe-^- 1 )^^) 

j7=i ^ i=i p , g =i 



4 

e 2A(- S -i(t,.x'-j,.«')) rfA ^ 

So we have 



III \f ((z,w,T,g)- l (x',u',t',k'))\ 2 dk'dt'dx'du' 

r E / e " As / IE E V -*>«'- «04k t^- 1 ) 05 

l « j,l=l jR J ^ 2n ' i=l p,g=l 



e x{ - u ' y - v ' x) dx'du'd\. 
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From using (13. ip it follows that 
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= <f>Sa(-X,-u). 

So, we can expand i n terms of the orthonormal basis 4>as to get 



and hence we have 



(f!j) x ( x ' -z,u'-w)= ( (f x m ■<>■■:, )<>!.{■- -■>■■•'(■- ir 



cX ) P l^s)^ 



Again, using (13. 1 p and the orthonormality of 4> B we obtain that the above equals 



iA|-f e v(— ') ^ ((/ A )r;,'^)^(^^)0^(-x',-n'). 



Hence we get that 




/ ((z, r, #)~V> u', f, k'))\ dk'dt'dx'du' 



-n^—2\s 



i=\ p,q=l a,/3,8eN n 



EE E ((/ A )ff.^)^™)^(-^-«') 



(e"^^- 1 ) <j>l (e~ iH ) I dxfdu'dX 



-rig— 2As 



£££((/ 

8=1 p,g=l < 5eN rl 



ff j,l=l a,/3eN" 

From ( 14. 6 p and above we obtain the required equality. 

For the converse, it is enough to prove the holomorphicity of / which in turn 
follows from the holomorphicity of (/ A )fJ and the equality follows from the above 
argument. Assume that 

Vck I p*(z,w,T,g)f(\,a) 2 \X\ n d\ < oo V (z,w,r,g) E C n x C n x C x G. 
Jr hs 
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From the above it is clear that for every 1 < l,j < d n and A almost everywhere 

o 



E 



EEE ((/")" A) 4>(*.«o«, (^'"k- 1 ) 4>l (e- ,H ) 



< oo 

i=l p,g=l 5eN n 

for all (z, w) G C n x C" and fce iH G G. We can put e i/f = I, the identity of the 
group to get 



E 



< OO 



for all (z, w) G C™ x C n and k <E K. Integrating over and using Schur's orthogo- 
nality relations we have 



E 

o,/3eN" 



A" 



E E 



EE((/t>^)*(^)#) 

P,g=i <5eN n 

2 

<5eN n 



dk 



< oo. 



Hence we derive that for each 1 < p, q < d u , 1 < /, j < d„ and (z, w) G C n x C r 



E 

Q,/3eN n 



< oo. 



Let T be the maximal torus of C U(n). After a conjugation by an element of 
U(n) if necessary, we can consider that T C T n , the n-dimensional torus which 
is the maximal torus of U(n). Now, any element kg G T can be written as e %e = 



, e* 9 ™) where 9 = (#i,#2, - '' Notice that some of these #j's may 



be depending on T. Using the relation (I3.2p and the properties of the metaplectic 
representation, we have 

^(^•(x,«)) = e < f- a )-%( a :,«). 

Moreover, for each v G K, p\t breaks up into at most d v irreducible components, 
not necessarily distinct, which we call v\ y v<i, • • • , v m G Z n (abuse of notation) such 
that z/ a (e ie ) = e tUa ' 8 where 1 < a < m < d v . Choosing appropriate basis elements, 



SEGAL-BARGMANN TRANSFORM AND PALEY- WIENER THEOREMS ON MM 39 

the matrix coefficients (ff ab of v satisfy (p u ab (e l6 ) = S a be lUa ' d where S is the Kronecker 
delta. So we obtain 




(f X )^j(k ■ (x, u))(p x s (k ■ (x, u))dxdudk 
= E / / (/ A )5'(*,«)^r(e W )e <( '- a) -%(x,tt)dxdtid* 

Hence we get that for each 1 < p, q < d u , 1 < l,j < d^ and (z, w) G C n x C r 



'X 



E |((/ A )"^ ( E hU/^) 



< oo. 



a£N" \/3eN n 

From the orthonormality properties of (fr^p it follows that 
(4-7) \((f^>ti^)\ 2 ti a (2iy,2*v) < oo. 

Now, using the above we want to prove the holomorphicity of (/ )f? . We note that 
for (z,w)e C 2n , 



agN" 



if the sum converges. Consider a compact set M C C 2n such that |y| 2 + |i>| 2 < r 2 
where (z, w) = (x + w + ii>). We know that 

0^(2zy, 2<«) = lV^ 2 +H 2 )l° (-2A(M 2 + |<f)) 

n 1 

for any y,v G M n where = 1 I (ttI-ZjI 2 )- Since (J) aa (2iy,2iv) has exponential 

growth and (14.71) implies holomorphicity of (/ A )f ? 9 as in the previous section. □ 
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Proof of Theorem \4-3\ 

To prove the theorem, it is enough to prove the orthogonality of the components 

j%(x, U,t,k)= EE 4f( X > M ' t^ijW- F ° r 7F ' ^ 7,7 ' U ' G K > We haVe 
i,i=l P=l 

(2tt)- 2 "| A| 2 " d ° w ' T ' »)#( A > <r), p£(z, r, <7)g(A, a)) 



ti(z,w,T,g)f£(\,a)(<%® ef),<% ® 



E* E E E «,(«-"*-') E ^t^- 1 ) E 

ff gX /3,7eN" l<«,m<d,r P,9=l p',9'=l H = |7|,|a'|=| 7 | 



E E E 

<5,<5'eN n ij'=l i',j'=l 



By Schur's orthogonality relations we get that the above equals 

E E E E E E E 

/3,7£N" P,g=l P'i9'=l |a| = |7|,|a'|=|7| <5,<5'eN™ i,j=l i',j'=l 



By arguments similar to (14.21) we have that the above equals 

E e ~ 2Ai E <K,( e ~ iHk ~ l ) E E E E <w*)ff.A> 

a,/3eN n P,9=l P'>9'=1 <5,<5'eN™ ij'=l i',j'=l 
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= E ^ E ^-'"k- 1 ) J2 «,(«-"*-') E EE «/ A >" 

a,/3eN n p,g=i p',g'=i <5,<S'eN n i,i=i j',i'=i 

6=1 b'=l 
JK 

= if 7T £ 7r'. 



Assume 7r = 7r'. Then 



(2^)- 2n |A| 2 "^d CT / U a {z,w,TMH)ti{\a),p x a {z,w,TM H )ti'{\° 
= E e_2AS E ^r( e_<H ) E <v(e~^) / € q (k)WAk)dk E 

a,/3eN n P,?,r=l p',g',r'=l <5,<5'eN n i,j,i',j'=l 

((fri^s) (u x Y4&*)tipM «o j K <t>u e ~ iHk ')^A e - iHk ') dk ' 

= if i/ ^ v' . 



This proves the orthogonality of one part. On the other hand, for tt, u, n', u' e X 
and X = [x 1 — z,u' — w ,t' — r — j(w ■ x' — z ■ -u')) , we have 

/ / ((z, w, r, g)-\x\ u', t', k')) f((z,w,T,g)-^x',u',t',k'))dk' 

JK 



= E E E E f^f^'imA^k- 1 )^^- 1 ) 

»,J=1 »',j'=l P>9=1 P',?'=l 

7T 7r' „ 

EE^( e ~^) ^(^) / <t>Uk')^W)dk' 

6=1 b'=l ^ X 
= if 7T ^ tt'. 
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Assume n = it' . Then 




/ ((z, w, r, ke iH )-\x', u', t', k')) f ((z, w, r, ke iH )-\x' ', < f, k'))dk'dk 

E E E fgwtf'ww^WAe- 411 ) f wwfawdk 

A! Al — 1 ^ ~ J, — 1 ^/ ^/ J,/ — 1 J K 



djr du 



{e' iH k') ft,? (e-^k')dk' 



K 
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